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ABSTRACT

Reconciling the stability of epigenetic patterns with
the rapid turnover of histone modifications and
their adaptability to external stimuli is an out-
standing challenge. Here, we propose a new bio-
physical mechanism that can establish and main-
tain robust yet plastic epigenetic domains via ge-
nomic bookmarking (GBM). We model chromatin
as a recolourable polymer whose segments bear
non-permanent histone marks (or colours) which
can be modified by ‘writer’ proteins. The three-
dimensional chromatin organisation is mediated by
protein bridges, or ‘readers’, such as Polycomb Re-
pressive Complexes and Transcription Factors. The
coupling between readers and writers drives spread-
ing of biochemical marks and sustains the memory
of local chromatin states across replication and mi-
tosis. In contrast, GBM-targeted perturbations desta-
bilise the epigenetic patterns. Strikingly, we demon-
strate that GBM alone can explain the full distribution
of Polycomb marks in a whole Drosophila chromo-
some. We finally suggest that our model provides a
starting point for an understanding of the biophysics
of cellular differentiation and reprogramming.

INTRODUCTION

Cells belonging to distinct tissues in a multi-cellular or-
ganism possess exactly the same genome, yet the DNA
sequence is expressed differently. This is made possible
by the establishment of lineage-specific epigenetic pat-
terns (or ‘landscapes’)—the heritable marking of post-
translational modifications (PTM) on histones and of
methylation on DNA (1-8). Epigenetic patterns are ro-

bust, as they can be remembered across many rounds of
cell division (1,2,7,9-11). At the same time, they are plas-
tic and dynamic. They can adapt in response to external
stimuli (1,9,12-14), and they are affected by disease and
ageing (15,16). Additionally, many biochemical marks en-
coding the epigenetic information can turn over rapidly
and are lost during DNA replication (17,18). For example,
acetyl groups on histones have half-lives <10 min (17,19),
methyl groups on histones change during the period of
one cell cycle (17,20,21) and DNA methylation is modi-
fied during development (16). The turnover may originate
from histone replacement/displacement during transcrip-
tion (7,17,22,23), replication (7,18,24) or from stochastic
PTM deposition and removal (25-27).

Our goal is to develop a biophysical model that can
reconcile the reproducible and robust formation of heri-
table yet plastic epigenetic landscapes across cell popula-
tions in the face of the rapid turnover of the underlying hi-
stone marks. In particular we will be interested in models
which can yield ‘epigenetic domains’, by which we mean 1D
stretches of similarly-marked histones which tend to be co-
localised in 3D and co-regulated (28-32). [Note that in the
context of our model, the terms histone marks, chromatin
states and PTM will be used interchangeably.]

Existing models describe changes of PTMs in one-
dimension (1D) or through effective long-range contacts;
they yield smooth transitions between stable states and
weak (transient) bistability (25,26,30,33-39). In contrast,
our model explicitly takes into account the realistic struc-
ture and dynamics of the chromatin fibre in 3D (Figure
1)—crucial elements for the spreading of histone marks in
vivo (11,40-45).

From the physical perspective, accounting for realistic 3D
interactions (e.g. the formation of loops and trans-contacts
driven by the binding of bi- and multi-valent transcription
factors) triggers ‘epigenetic memory’ (7,8), i.e. stability of
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Figure 1. Polymer model with dynamic epigenetic patterns. (A) In our coarse-grain polymer model, each bead represents a group of nucleosomes and its
colour captures the predominant epigenetic mark. (B) Epigenetic marks are dynamic. They can change between red, blue or grey (no mark) according to
biophysical rules. For example, a red bead can be thought of as an inactive Polycomb state (marked by H3K27me3) while a blue bead as a heterochromatic
segment (marked by H3K9me3). The precise nature of the marks does not affect the qualitative behaviour of this generic model. In the Voter-like dynamics,
each bead must go through the unmarked state (gray) before changing to the opposite colour (26). Each bead is selected at rate kr (see text and SM) and,
(C) with probability a, it changes its colour ‘closer’ to that of a randomly chosen 3D-proximal bead (in this case the one circled in yellow, see also SM).
(D) The same bead has probability | — « to undergo a random colour conversion (in this case to red, see SM). (E) The synergy between 3D chromatin
dynamics, bridging due to (implicit) binding-proteins/TFs and epigenetic recolouring gives rise to dynamic structures such as loop/rosettes and cis/trans
contacts which drive (cis and trans) epigenetic spreading (indicated by red/blue arrows, see text).

the epigenetic patterns against extensive perturbations such
as DNA replication (46). Within this framework, the possi-
ble ‘epigenetic phases’ of the system are either disordered
(no macroscopic epigenetic domain is formed) or homo-
geneous (only one histone mark spreads over the whole
chromosome). Thus, no existing biophysical model can cur-
rently predict the spontaneous emergence of multiple heri-
table epigenetic domains starting from a ‘blank’ chromatin
canvas (46).

Here, we propose a model for the de novo forma-
tion, spreading and inheritance of epigenctic domains
that relies solely on three elements. First, we assume a
positive feedback between multivalent PTM-binding pro-
teins (‘readers’) and other proteins which replace such
marks (‘writers’). This captures the well-known observa-
tions that, for instance, HP1 (a reader binding to hete-
rochromatin) recruits SUV39hl (a writer for H3K9me3
(47)), and that the Polycomb-Repressive-Complex PRC2
(a reader) contains the enhancer-of-zeste EZH?2 (a writer)
that spreads H3K27me3 (9,17,46,48,49). Second, we as-
sume the presence of genomic bookmarking (GBM) fac-
tors, typically transcription factors that can bind to their
cognate sites and remain dynamically associated with chro-
matin through mitosis (50). Examples of such GBMs
include Polycomb-Group-Proteins (PcG) (11,51-53), and
Posterior-Sex-Combs (PSC) (54) bound to Polycomb-
Response-Elements (PREs) in Drosophila (11,41,53,54),
GATA (55,56) and UBF (57) in humans and Esrbb (23,58)
and Sox2 (50,59) in mouse. Here, we will use the term tran-
scription factor (TF) to include both activators and repres-
sors. Third, we assume that the recruitment of read-write
machineries is coupled to specific GBM binding. These
three assumptions allow our model to reconcile short-term
turnover of PTM with long-term epigenetic memory and
plasticity. Finally, we show that our model can quantita-

tively recapitulate the distribution of H3K27me3 mark seen
in Drosophila cells in vivo.

MATERIALS AND METHODS
A polymer model for dynamic epigenetic patterns

To capture the dynamic nature of epigenetic landscape due
to PTM turnover and histone displacement (17,58), we en-
hance the (semi-flexible) bead-spring polymer model for
chromatin (62-70) by adding a further degree of freedom to
each bead. Specifically, each bead — corresponding to one
or few nucleosomes (choosing a different coarse-graining
leaves our result qualitatively unaffected) — bears a ‘colour’
representing the instantaneous local chromatin state (e.g.,
H3K9me3, H3K27me3, H3K27ac, etc., see Figure 1(A)),
which can dynamically change in time according to realis-
tic biophysical rules (25,26,46) (see Figure 1(B)). This is in
contrast with previous works that only accounted for static
epigenetic patterns via co-polymer modelling (30,65,71,72).

We first consider a toy model in which beads may be
found in one of three possible states: grey (unmarked), red
(e.g. Polycomb-rich) and blue (e.g. heterochromatin-rich).
[A more realistic model will be discussed later]. Beads bear-
ing the same histone mark are mutually ‘sticky’, indicating
the presence of implicit bridging proteins (17,65,67), and
can thus bind to each other with interaction energy € (see
Figure 1(E)). All other interactions are purely repulsive. The
natural time-scale for our simulations is the Brownian time
T = 0>/ D which is the typical diffusion time for a bead of
size o. As discussed in the SM, this time can be estimated
as Ty >~ 10 ms which is equivalent to considering a nucleo-
plasm viscosity of = 150 cP and a bead of size ¢ = 30 nm
(46).

The action of writer proteins is modelled through ‘re-
colouring” moves occurring at rate kg; here, we set kr =
0.1 s~ which is close to typical timescales for acetylation
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marks (19). In selected cases, we have also employed a faster
recolouring rate of kg = 10 s~! to ensure faster convergence
to steady state (see SM for details on simulations and time-
mapping).

Our model couples reading and writing as follows. First,
a bead is selected randomly. Next, with probability «, it re-
cruits a neighbour from spatially-proximate beads (within
r. = 2.50, where o is bead size). The colour of the first bead
is then shifted one step ‘closer’ to the colour of the sec-
ond (Figure 1B and C). Otherwise (with probability 1-a),
the bead undergoes a noisy conversion to one of the other
colours (see Figure 1D and SM for further details).

This re-colouring scheme encodes a purely non-
equilibrium process and it is akin to a ‘voter’ or ‘infection-
type’ model (25,26). In SM, we describe a ‘Potts’ recolour-
ing scheme which can be arbitrarily tuned either in- or
out-of-equilibrium (46). Both schemes couple 1D epige-
netic information along the chromatin strand to 3D folding.
Both drive a positive feedback loop between readers (which
bind and bridge chromatin segments) and writers (which
can change the underlying epigenetic pattern). Strikingly,
both strategies lead to qualitatively similar behaviours, in
which cis/trans contacts, globules and rosettes (Figure 1E)
spontaneously emerge and drive the spreading of histone
modifications. To simplify the presentation of our results,
and because the observed behaviours are similar, we choose
to report in the main text the findings obtained via the
‘infection-type” model. This model may better capture the
one-to-one nature of the chemical reactions required for
the deposition (or writing) of histone marks (see SM for
more details).

RESULTS
The phase diagram of the system entails epigenetic memory

We first map the phase diagram obtained by varying the
‘feedback’ parameter /' = o/(1 — o) and the attraction en-
ergy €/kgT between any two like-coloured beads. A more
realistic model accounting for different attractions between
‘Polycomb-rich’ and ‘heterochromatin-rich’ beads is con-
sidered later.

Figure 2A shows that there are four distinct phases pre-
dicted by our minimal model. First, at small « and €/kgT,
the fibre is swollen and epigenetically disordered (SD). At
large « and €/kgT, the system is in the compact epige-
netically ordered (CO) phase. These two states are sepa-
rated by a discontinuous transition, signalled by the pres-
ence of hysteresis and coexistence (see SM). The discontin-
uous nature of the transition is important because it con-
fers metastability to the two phases with respect to pertur-
bations in the parameter space. In addition, perturbing a
compact heterochromatin-rich state by extensively erasing
PTM marks (e.g. during replication) fails to drive the sys-
tem out of that epigenetic state (46); in other words, the
global epigenetic state is remembered across genome-wide
re-organisation (9,46).

The two remaining regions of the phase diagram (Fig-
ure 2A) are (i) an ordered-swollen phase (SO), observed at
large a but small or moderate €/kgT, and (i) a compact-
disordered phase (CD), found at small « and large €/kpT.
Our simulations suggest that the transitions from, or to,
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these states are smooth and unlike that between the SD and
CO phases.

We highlight that the first order line (black thick line in
Figure 2A) entails hysteresis (see SM, Supplementary Fig-
ure S3) and robustness of the states against small perturba-
tions in the parameter space. On the other hand, a pathway
that brings, for instance, a CO state into a SD one pass-
ing through the SO region, crosses continuous lines. Such
a pathway in the parameter space may be a valid model to
describe a change of identity of a cell, for instance during
reprogramming. While this is an appealing avenue, we leave
its exploration for future work as it requires a more detailed
mapping between the recolouring rules of real systems and
our parameter space.

Polymer simulations of the minimal model capture realistic
chromatin conformations

Intriguingly, some of the phases in the phase diagram in Fig-
ure 2 correspond to structures seen in eukaryotic chromo-
somes. Most notably, the compact-ordered phase provides a
primitive model for the structure of the inactive copy of the
X chromosome in female mammals; this is almost entirely
transcriptionally silent, and this state is inherited through
many cell divisions (2).

The compact-disordered phase is reminiscent of ‘gene
deserts’ (or black chromatin (28,60)). This is a state with-
out a coherent epigenetic mark which tends to co-localise
in 3D, possibly due to the linker histone H1 (28,60,73). Fi-
nally, the swollen-ordered phase is reminiscent of open and
transcriptionally-active chromatin (61,74,75).

In this simplified model, feedback between readers and
writers leads to unlimited spreading of a single histone mark
in both ordered phases (CO and SO, see Figure 2) (46,76).
Although near-unlimited spreading of silencing marks is
seen in telomere position effects in yeast (40) and position-
effect variegation in Drosophila (77)), this minimal model
cannot recapitulate the existence of multiple epigenetic do-
mains, or ‘heterogeneous’ epigenetic patterns.

A biophysical model for genomic bookmarking

We now introduce genomic bookmarking (GBM) to ac-
count for heterogeneous epigenetic patterns, coexistence
of heritable epigenetic domains and active/inactive (A/B)
compartments (31,32). A bookmark is here considered as a
TF (activator or repressor) that binds to a cognate site and
recruits appropriate readers or writers (see Figure 3A).

A mechanistic model of how bookmarks might guide
the re-establishment of the previous epigenetic patterns af-
ter mitosis remains elusive (16,50,56,78). Here, we assume
that GBMs are expressed in a tissue-specific manner and re-
main (dynamically) associated to chromatin during mitosis
(50,54). Then, on re-entering into inter-phase, they can re-
cruit appropriate read /write machineries and re-set the pre-
vious transcriptional programme.

In our polymer model, we account for bookmarks by pos-
tulating that some of the beads cannot change their chro-
matin state (Figure 3A). Thus, a red (blue) bookmark is
a red (blue) bead that cannot change its colour, and oth-
erwise behaves like other red (blue) beads. In Figure 3A,



86 Nucleic Acids Research, 2018, Vol. 46, No. 1

>

D
¢ Compact-Ordered

(o)

-
Vi
T

.\\-

iy
T

interaction ¢e[kgT]

o
i

2 3
feedback f

D SO E CD
' Swollen-Disordere\d =0
o5 (SD)

05 1 4

Figure 2. Phase Diagram: Chromatin states and epigenetic memory. (A) The phase diagram of the system in the space (g, f = o/(1 — «)) displays four
distinct regions: (i) swollen-disordered (SD); (ii) compact-ordered (CO); (iii) swollen-ordered (SO) and (iv) compact-disordered (CD). The thick solid
line represents a first-order transition between the SD and CO phases, whereas the dashed lines signal smoother transitions between the regions. (B-E)
Representative snapshots of the stable states, which resemble conformations of chromatin seen in vivo. The CO phase may be associated to globally-
repressed heterochromatin, the SO phase to open transcriptionally-active euchromatin, and the the CD phase to ‘gene deserts’ characterised by low signal
of PTMs and collapsed 3D conformations (28,29,60,61). The first-order nature of the SD-CO transition entails ‘epigenetic memory’ (8), and the CO phase
is robust against extensive perturbations such as the ones occurring during replication (46).

a bookmark is indicated by an orange square that binds
to DNA (rather than a PTM) and recruits read/write ma-
chineries (e.g. PRC2), which then spread a histone mark
(e.g. H3K27me3) to the neighbours (2,5,17,79).

It is important to stress that, in these polymer simula-
tions, spreading of a colour is driven by the local increase
in the density of that color. Indeed, bridging drives like-
colour attractions and increases the probability that a ran-
dom bead will be ‘infected’ by a 3D-proximal bead bearing
that mark. The choice of which mark dominates the local
spreading is decided via symmetry breaking and we thus
bias the local concentration of marks by introducing DNA-
bound enzymes, i.e. bookmarks (see Supplementary Movie

1).

GBM drives stable coexistence of 1D epigenetic domains and
shapes the 3d chromatin organisation

We now consider a chromatin fibre where a fraction ¢ of
beads are ‘bookmarks’ and analyse how their spatial dis-
tribution affects the epigenetic patterns in steady state. We
consider three possible GBM distributions as follows: (i)
Clustered: bookmarks are equally spaced along the fibre;
the colour alternates after every n. consecutive bookmarks
(ne > 1 defines the cluster size). (ii) Mixed: same as clus-
tered, but now colours alternate every other bookmark (n,
=1). (iii) Random: random bookmarks are placed along the
fibre while the fraction ¢ is kept constant.

Figure 3B-D shows the results for & = 0.1 and a chro-
matin fibre L = 1000 beads long. This correspond to about
3 Mb, or 1.5 x 10* nucleosomes, for a coarse graining of 3
kb per bead, i.e. a fibre with approximately one bookmark
every 150 nucleosomes. Simulations are initialised with the
chromatin fibre in the swollen-disordered phase and non-
bookmarked regions contain equal numbers of red, blue
and grey beads.

The clustered distribution of bookmarks (Figure 3B)
reaches a stable epigenetic pattern with blocks of alternat-
ing colours (domains). On the contrary, the mixed book-
mark distribution hinders domain formation, and the fibre
remains in the SD state (Figure 3C). Remarkably, random
bookmarks also yield domains in 1D (Figure 3D), even in
the absence of any correlation between the location of book-
marks.

Importantly, we highlight that the bookmarking pat-
tern affects 3D structure. Thus, in Figure 3C and D, both
the random and mixed patterns yield swollen or partially-
collapsed fibres, even though the parameters used normally
drive the system to a collapsed phase. [Note that our param-
eter choice accounts for the fact that the critical (f) mark-
ing the SD-CO transition decreases with L.] For the ran-
dom distribution, the contact map exhibits locally compact
structures with coherent epigenetic marks (see arrowhead
in Figure 3D) while long-range interactions between like-
coloured domains are supressed. This result is in marked
contrast with equilibrium models with static epigenetic pat-
tern (30,72)). On the other hand, for clustered bookmarks,
red and blue domains separately coalesce in 3D (macro-
phase-separation), to give a checker-board appearance of
the contact map (Figure 3B) reminiscent of the pattern for-
maed by A/B compartments in Hi-C maps after suitable
normalisation (31,80).

We highlight that these patterns are achieved indepen-
dently of the chosen initial configuration. As shown in the
SM (Supplementary Figure S4), a system initialised from
deep into the collapsed-disordered phase (reminiscent of
condensed mitotic chromosomes) leads to the same 1D pat-
tern of marks and 3D organisation found in Figure 3 at large
times.
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Figure 3. GBM shapes the 1D epigenetic pattern and the 3D chromatin conformation. (A) At the nucleosome level, GBM is mediated by a TF that binds
to its cognate site and recruits read/write machineries that spread the respective histone mark to 3D-proximal histones (here PRC2 spreads H3K27me3).
(B-D) We consider a chromatin fibre L = 1000 beads long, starting from an epigenetically random and swollen condition with ¢ = 0.1, equivalent to one
bookmark in 150 nucleosomes at 3 kb resolution and we fix /= 2 and €/kpT = 0.65. GBM is modelled by imposing a permanent colour to some beads
along the fibre. Cyan and orange beads denote bookmarks for blue and red marks, respectively. Plots show kymographs (left column), average contact maps
(central column) and typical snapshots (right column) for different bookmarking patterns (shown at the end of kymographs and cartoons above). Contact
maps are split into two: the upper triangle shows a standard heat-map quantifying the normalised frequency of contacts between segments i and j, whereas
the lower triangle shows an ‘epigenetically-weighted’ one in which each contact is weighted by the type of beads involved (+1 for blue-blue contacts, —1 for
red-red and 0 for mixed or grey—grey). (B) A clustered GBM pattern yields well-defined epigenetic domains which coalesce into A/B compartments (kr
=0.1s7"). (C) Alternate GBM maintains the chromosome in a swollen-disordered state (kg = 10 s~!). (D) Random GBM creates stable and coexisting
locally-compacted structures (indicated by the arrowheads) without generating long-range contacts (kg = 10s~!). See also Suppl. Movies 2-4 to appreciate
the dynamics of the model.

A critical density of bookmarks is required to form stable do- We set the system to be in the collapsed-ordered phase, i.c.
mains e/kgT = 1 and f = 2 and quantify the efficiency of do-
main formation by measuring the probability that bead i
(1 <i< L)isin a ‘red’ state, P.q(i). If ideal regular do-
mains are formed along the fibre (i.e. if all beads have the
intended colour, that of the closest bookmarks) then Py.q(7)
would be a perfect square wave I1(i) (Figure 4, caption).
The fidelity of domain formation can then be estimated as
x = 1 — A%, where A? is the mean square deviation (vari-
ance) between Pq(i), measured in simulations, and I1(i), i.e.

We now ask what is the minimum density of like-coloured
bookmarks needed to form stable domains. To address this
question we systematically vary bookmark density and per-
form simulations with clustered patterns (Figure 3B) as
these are the most effective way to create domains. Here,
¢ varies from 0.01 to 0.1 for a chain with L = 1000. To fa-
cilitate the analysis, we fix the domain size at 100 beads (300
kb), which is in the range of typical HiC domains (31,32,80).
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Figure 4. A critical density of bookmarks is required for stable domain
formation. (A) Using the clustered pattern of bookmarks at different den-
sities ¢, we quantify the deviation from a ‘perfect’ block-like epigenetic
pattern. To do this we define the ‘fidelity’, x, as 1 — A2 where A? =
Var[Preq(i), T1(7)], i.e. the variance of the probability Pr.q(7) of observing
a red bead at position i with respect to the perfect square wave I1(i) =
0.5[sgn (sin (7i/ng)) + 1], where ng is the number of beads in a domain
(here ng = 100). The fidelity x jumps abruptly from a value near its lower
bound of 1/2 towards unity, at the critical ¢, >~ 0.04. (B and C) Kymo-
graphs representing the behaviour of the system at the points circled in red
and grey in (A).

A? =31 [Pea(i) — TI(H)F / L. The fidelity parameter is x
=~ 1/2, when the epigenetic pattern is far from the ordered
block-like state and is dominated by a single colour, whereas
x = 1 for ideal block-like domain formation.

We observe (Figure 4A) that the system displays a phase
transition near the critical density ¢, >~ 0.04. For ¢ > &,
stable domains are seen in kymographs and x >~ 1. For ¢ <
&, instead, a single mark takes over the whole fibre. Near ¢
= ¢. = 0.04 there is a sharp transition between these two
regimes in which domains appear and disappear through-
out the simulation (see kymograph in Figure 4B).

The critical density ¢, corresponds to about 1 or 10 nucle-
osomes in about 400 as not all nucleosomes coarse-grained
in a ‘bookmark bead’ need to be bookmarked. We argue
that, crucially, not all the genome must have this critical
density of bookmarks, but only regions required to robustly
develop a specific domain of coherent histone marks in a
given cell-line.

Biasing epigenetic landscapes with asymmetric interactions

Thus far, we have considered symmetric interactions be-
tween like-coloured beads. In other words, red-red and
blue-blue interaction strengths were equal. However, such
binding energies may differ if mediated by distinct proteins.
Consider the case where red and blue marks encode Poly-
comb repression and constitutive heterochromatin, respec-
tively. If the blue-blue interaction is larger than the red-
red one, the thermodynamic symmetry of the system is
broken and the blue mark eventually takes over all non-
bookmarked regions (Figure 5A). However, if there are
bookmarks for the red mark, they locally favour the red

state, whereas the stronger attraction globally favours the
blue mark. This competition creates an additional route
to form stable domains as exemplified in Figure 5SA and
B. Here, red bookmarks (identified by orange beads) are
concentrated in the central segment of a chromatin fibre.
Starting from a swollen and epigenetically disordered fibre,
where red, blue and grey beads are equal in number, we ob-
serve that blue marks quickly invade non-bookmarked re-
gions and convert red beads into blue ones (a process mim-
icking heterochromatic spreading in vivo (47)). However, the
central segment containing the bookmarks displays a stable
red domain (Figure 5SA and B).

Bookmark excision but not DNA replication destabilizes the
epigenetic landscape

We next asked whether the epigenetic pattern established
through GBM is also stable against extensive perturba-
tions such as DNA replication. In order to investigate this
scenario we simulated semi-conservative replication of the
chromatin fibre by replacing half of the (non-bookmarked)
beads with new randomly coloured beads (27). In Figure
5C and D, we show that our model can ‘remember’ the es-
tablished epigenetic pattern through multiple rounds of cell
division. Importantly, the combination of ‘memory’ and lo-
cal epigenetic order (via bookmarks) may allow cells to dis-
play ‘epialleles’, i.e. alleles with different transcriptional be-
haviours thus explaining local (or ‘cis-’) memory (27,81).

We next considered a set-up relevant in light of re-
cent experiments in Drosophila (53,82), where the role of
polycomb-response-elements (PREs) in epigenetic memory
was investigated. In these works, polycomb-mediated gene
repression was perturbed as a consequence of artificial in-
sertion or deletion of PREs. In Figure 5 we thus performed
a simulated dynamic experiment where replication was ac-
companied by random excision of bookmarks (53) (Figure
SE and F); in practice, we remove one-fourth of the initial
number of bookmarks at each replication event. Then each
‘cell cycle’ successively dilutes the bookmarks which at some
point can no longer sustain the local red state and the region
is consequently flooded with blue marks.

Importantly, the system does not display immediate loss
of the red domain as soon as & < &; on the contrary, this
domain is temporarily retained through local memory (see
Figure SF, LM) (9,27,81). This originates from an enhanced
local density of marks together with the positive read/write
feedback (see SM). [The persistence of the local memory
can be tuned via the parameters of our polymer model.]
These results are again consistent with experiments, as re-
gions of the Drosophila genome marked with H3K27me3
are only gradually lost after PRE excision (53). Similarly,
epialleles have been observed to be temporarily remembered
across cell division (81).

We finally highlight that the results presented in Figure 5
are independent on the chosen initial configuration. In SM
(Supplementary Figures S4 and S5) we show that starting
from a collapsed and epigenectically disordered chromatin
(CD phase), resembling heavily condensed and sparsely
marked mitotic structures, leads to the same behaviour and
strongly supports the robustness of our findings.
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Figure 5. Asymmetric interactions and bookmark excision but not DNA replication affect the epigenetic landscape. (A and B) Here we consider the case in
which blue-blue interactions are stronger than red-red ones. We set €pjye = lkp T and €,eg = 0.65kp T with /= 2. The central region of a chromatin segment
L = 2000 beads long is initially patterned with bookmarks at density ¢ = 0.1 > ¢ (this region is indicated in the kymograph by an orange arrowhead).
Blue beads invade non-bookmarked regions thanks to the thermodynamic bias whereas the local red state is protected by the bookmarks. (C and D) The
chromatin fibre undergoes replication cycles which extensively perturb the pattern of PTM of histones on chromatin. A semi-conservative replication event
(R) occurs every 10° 7 g and half of the (non-bookmarked) beads become grey. The epigenetic pattern is robustly inherited. (E and F) The chromatin fibre
undergoes semi-conservative replication followed by excision of bookmarks (R+E). At each time, 1/4 of the initial bookmarks are removed and turned
into grey (recolourable) beads. The epigenetic pattern is inherited until ¢ < ¢c. At this point, the central red domain is either immediately lost (not shown)
or it can be sustained through some replication cycles (F) by local memory (LM). See also Suppl. Movie 5 for a direct comparison of the behaviour with

and without bookmarks.

Chromosome-wide simulations predict the epigenetic land-
scape in drosophila

Simplified models considered thus far are useful to identify
generic mechanisms; we now aim to test our model in a re-
alistic scenario. To do so, we perform polymer simulations
of the whole right arm of chromosome 3 in Drosophila S2
cells.

Bookmarks (orange, in Figure 6) are located on the chro-
mosome using PSC ChIP-Seq data (54), as PSC binds to
PREs during inter-phase and mitosis (54) as well as re-
cruiting PRC2 (via molecular bridging). Some other beads
are permanently coloured according to the ‘9-state’ Hid-
den Markov Model (HMM, (60)). If they correspond to
gene deserts (state 9), promoter/enhancers (state 1) or tran-
scriptionally active regions (states 2-4) they are coloured
grey, red and green, respectively. We further introduce an in-
teraction between promoter and enhancer beads to favour
looping, plus, an attractive interaction between gene desert
(grey) beads mimicking their compaction by H1 linker his-
tone (28) (see SM for full list of parameters). The remain-
ing 20% of the polymer is left blank and these ‘unmarked’
beads are allowed to dynamically change their chromatin
state into heterochromatin (blue) or polycomb (purple) ac-
cording to our recolouring scheme.

We evolve the system to steady state and we evaluate the
probability of finding a Polycomb mark at a certain genomic
position. [To determine these probability, a bookmarked
bead is counted as bearing the H3K27me3 mark when it is

near beads with polycomb marks, or within large stretches
of bookmarked beads.] This provides us with an in silico
ChlIP-seq track for Polycomb marks which can be compared
with in vivo ChIP-Seq data (60) (see Figure 6 B). The two are
in excellent agreement (Pearson correlation coefficient p =
0.46, against p = 0.006 for a random dataset).

Remarkably, not all bookmarked segments (orange) are
populated by Polycomb marks; instead we observe that
H3K27me3 spreading requires appropriate 3D folding (Fig-
ure 6B and C, insets). Bookmarks which do not con-
tact other bookmarks due to the local epigenetic land-
scape do not nucleate H3K27me3 spreading. Again, this is
consistent with 3D chromatin conformation being crucial
for the spreading and establishment of epigenetic patterns
(11,42,45).

DISCUSSION

We proposed and investigated a new biophysical mechanism
for the de novo establishment of epigenetic domains and
their maintenance through interphase and mitosis. Our sim-
plest model requires only one element: a positive feedback
between readers (e.g. binding proteins HP1, PRC2, etc.) and
writers (e.g. methyltransferases SUV39, EzH2, etc.).

We performed large-scale simulations in which chromatin
is modelled as a semi-flexible bead-and-spring polymer
chain overlaid with a further degree of freedom representing
a dynamic epigenetic patterning. Specifically, each bead is
assigned a colour corresponding to the local instantaneous
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Figure 6. GBM alone is able to recapitulate the distribution of polycomb marks in Drosophila S2 cells. Here, we perform chromosome-wide simulations of
Ch3R of Drosophila S2 cells at 3 kb resolution (L = 9302) with GBM. (A) The location of PSC/PRE (bookmarks) are mapped onto beads using ChIP-Seq
data from Ref. (54). Using the ‘9-states’ HMM data (60), gene deserts (regions lacking any mark in ChIP-seq data, state 9), promoter/enhancers (state
1) and transcriptionally active regions (states 2-4) are permanently coloured grey, red and green, respectively. The remaining beads (~20%) are initially
unmarked (white) and may become either heterochromatin (blue) or polycomb (purple). (B) In silico ChIP-seq data for H3K27me3 (top half, purple lines)
is compared with in vivo ChIP-seq (60) (bottom half, grey line). Small orange arrows at the top of the profile indicate the location of the bookmarks.
The excellent quantitative agreement between the datasets is captured by the Pearson correlation coefficient p = 0.46 — to be compared with p = 0.006
obtained between a random and the experimental datasets. We highlight that not all the bookmarked beads foster the nucleation of H3K27me3 domains
(see big purple/orange arrowheads in the insets, corresponding to the HOX cluster). The reason can be found by analysing the 3D conformations of the
chromosome (C). The non-nucleating bookmarks (orange arrowheads), although near in 1D, are found far from potential target beads in 3D space (purple
arrowheads) and so fail to yield large H3K27me3 domains. See also Suppl. Movie 6 for a direct comparison of the results with and without bookmarks.
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Figure 7. Model for Cellular Differentiation. We speculate that cellular differentiation may be driven by a two-step process. First, sequence-specific factors
(bookmarks) are expressed as a consequence of environmental and positional cues. Second, the positive feedback set up by read/write machineries drives
the establishment and maintenance of tissue-specific epigenetic patterns. As a consequence, genomic bookmarks are key targets to understand cellular
differentiation and reprogramming.

epigenetic state. Readers are implicitly included by setting
an attraction between like-coloured beads (65,72), whereas
writers are modelled by performing re-colouring moves ac-
cording to realistic and out-of-equilibrium rules (26,34) (see
Figure 1).

We find that, if read-write positive feedback is sufficiently
strong, a single histone mark can spread over the whole
fibre and drives a discontinuous transition to a collapsed-
ordered state (see Figure 2). This state is stable and robust
against extensive perturbations such as those occurring dur-
ing replication (5,17,40), when most histones are removed
or displaced (2,17,23). In other words, our model displays
‘epigenetic memory’.

The main limitation of this simple model is that epi-
genetic order in real chromosomes is local, rather than
global. Distinct epigenetic domains coexist on a chromo-
some, thereby forming an ‘heterogeneous’ epigenetic pat-
tern. Our main result is that this feature of real chromo-
somes can be reproduced by our model when we include
genomic bookmarking (GBM).

Here, we envisage bookmarks which can perform func-
tions typical of many TFs: they recruit read/write ma-
chineries, and hence nucleate the spreading of epigenetic
marks and the establishment of epigenetic domains. We also
assumed that bookmarking TFs are permanently bound to
DNA, however our conclusions should hold even for dy-
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namic bookmarks that switch between bound and unbound
state (50,83).

We find that stable domains can be formed with only one
type of bookmark when the competing epigenetic mark is
thermodynamically favoured (Figure 5). This result ratio-
nalises the common understanding that heterochromatin
can spread at lengths (blue mark in Figure 5A and B) and
it is stopped by actively transcribed (bookmarked) regions.
Further, it is in agreement with recent genome editing ex-
periments in Drosophila: when PRE is inserted into the
genome, it provides a bookmark for H3K27me3 which leads
to spreading of that mark (53), whereas PRE excision leads
to (gradual) loss of the mark (53) (Figure 5). Additionally,
the expression of HOX and other Polycomb-regulated genes
(which contain multiple PREs) is predicted by our model to
be less sensitive to deletion of single PREs (84). We suggest
that this is because domains remain stable if bookmark den-
sity is kept above the critical threshold (Figure 4).

Our results strongly suggest that bookmarks can estab-
lish specific epigenetic domains by exploiting the local dif-
fusion of chromatin and thereby ‘infecting’ 3D-proximal
chromatin segments. The local increase in the density of a
mark is then stopped either by thermodynamics (Figure 5A)
or competition with other bookmarks (Figure 3B). Cru-
cially, our model does not require any boundary element to
stop the spreading of marks, which is instead self-regulated.

Losing bookmarks (via artificial excision or DNA muta-
tion) will thus impair the ability of cells to inherit the cell-
line-specific epigenetic patterns. In addition, we argue that
newly activated bookmarks (for instance subsequently to
inflammation response or external stimuli (13,14,85)) may
drive the de novo formation of transient epigenetic domains
which allow the plastic epigenetic response to environmen-
tal changes.

We show that our model can recreate the pattern of
H3K27me3 in Drosophila S2 cells starting solely from the
position of PSC proteins acting as Polycomb bookmarks
Intriguingly, our simulations show that not all bookmarks
end up in H3K27me3 domains; whether or not they do, de-
pends on their network of chromatin contacts in 3D. This is
agreement with recent experiments (11,42,45) and it is also
reminiscent of the well-known position effect according to
which the activity of a gene depends on its local environ-
ment (14).

While our framework can be directly applied to model
competition between repressive epigenetic marks, the depo-
sition of active marks may be better modelled as resulting
from a co-transcriptional positive feedback loop. In light
of this, in the SM we show that a model with thermody-
namically favoured heterochromatin competing with local
recolouring due to transcription leads to results that are
qualitatively similar to those presented in the previous sec-
tions, as long as promoters are seen as bookmarks for active
marks (see SM for more details).

Our results also prompt several further questions. First,
starting from a stem cell, how might different cell lineages
be established? We suggest that environmental and mor-
phological cues trigger production of lineage-specific book-
marks such as GATA (56) and PSC (54), which nucleate the
positive feedback between readers and writers to generate
and sustain new cell-line specific epigenetic patterns (Fig-

Nucleic Acids Research, 2018, Vol. 46, No. 1 91

ure 7). Thus, bookmarks are here envisaged as key elements
that should be targeted in order to understand, and manipu-
late, cellular differentiation. Second, how might reprogram-
ming factors like Nanog work? We argue that their binding
can ‘mask’ the action of pre-existing bookmarks, thereby
allowing the establishment of new epigenetic patterns (58)
(see also BioRxiv: https://doi.org/10.1101/127522).

In conclusion, we have extended the existing notion of
GBM to include the ability of nucleating the spreading of
epigenetic marks by triggering local read/write feedback
loops. This model predicts the de novo establishment of
heterogeneous epigenetic patterns which can be remem-
bered across replication and can adapt in response to GBM-
targeted perturbations.

Within our framework, architectural elements such as
CTCF (2), Cohesins (63) and SAF-A (75) may provide the
initial 3D chromatin conformation upon which the GBM-
driven establishment of epigenetic landscape takes place.

SUPPLEMENTARY DATA

Supplementary Data are available at NAR online.
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SIMULATION DETAILS

We first discuss the simulation methods and additional
results associated with the “Voter-” or “infection-"like
model that is mentioned in the main text. We then present
an alternative recolouring strategy, the “Potts” model.
Both recolouring schemes produce qualitatively similar re-
sults but we favour the infection-type model (and we re-
port it in the main text) as it is fundamentally an out-of-
equilibrium model and better captures the common notion
of one-to-one chemical reactions that underlie the deposi-
tion of epigenetic marks on chromatin and histones. The
“Potts” recolouring scheme models recolouring of the seg-
ments by computing the effective change in energy after a
recolouring move (as explained below) and therefore it is
a “many-to-one” type of reaction.

VOTER-LIKE MODEL

We model the chromatin fibre as a semi-flexible bead-
spring chain of M beads. Each bead has a diameter of
o = 30 nm and represents roughly 3 kbp, which corre-
sponds to around 15 nucleosomes. Each bead is also as-
signed a “colour” ¢ to represent a particular epigenetic
modification (or mark). Apart from the Drosophila simula-
tion, we assume that there are three colours (¢ € {1,2,3}),
which can generally be viewed as an active, unmodified,
and inactive epigenetic mark respectively.

We simulate the dynamics of the chromatin fibre by per-
forming molecular dynamics (MD) simulations in Brown-
ian scheme: we only model explicitly the interactions be-
tween the monomers of the fibre, but we include a stochas-
tic force on each monomer to implicitly account for the
random collisions between the (much smaller) solvent par-
ticles and the monomers.

As commonly conducted in MD simulations, we express
properties of the system in multiples of fundamental quan-
tities. Energies are expressed in units of kg7, where kp is
the Boltzmann constant and 7' is the temperature of the
solvent. Distances are expressed in units of ¢, which, as

defined above, is the diameter of the bead. Further, time
is expressed in units of the Brownian time 7pg,, which is
the typical time for a bead to diffuse a distance of its size
— more precisely, 7p, = 02/D, where D is the diffusion
constant for the bead.

The interactions between the beads are governed by sev-
eral potentials that are standard in polymer physics. First,
there is a purely repulsive (Weeks-Chandler-Anderson) po-
tential acting between consecutive beads to reduce overlap-

ping:

o 12 o\ b
Ugtoa(r) = kpT {4 [(r) -(%) } + 1] (Gb.a1+05,0-1)

(1)
if r < 265 and 0 otherwise, where r is the separation
between the two beads. Second, there is a finite extensible
nonlinear elastic (FENE) spring between consecutive beads
to ensure chain connectivity:

1— (f;)Q] (0b,a+1 + Ob,a—1),
(2)

where Ry (set to 1.60) is the maximum separation between
beads and Ky (set to 30kgT/0?) is the strength of the
spring. The combination of the WCA and FENE potential
with the chosen parameters gives a bond length that is
approximately equal to o [1]. Third, we model the stiffness
of the chromatin via a Kartky-Porod term:

“ K R?
UFbENE(T) ==L In

ta'tb

 [tal o]

kTl
Up ==+ [

:| (5b,a+1 + 61),(1—1)7 (3)

where t, and ¢, are the tangent vectors connecting bead a
to a+1 and b to b+1 respectively; I, is the persistent length
of the chain and is set to 30 =~ 100 nm, which is within the
range of values estimated from experiments and computer
simulations [2]. Last, to model the effect of a bridging
protein, or “reader”, binding to multiple sites along the
chromatin fibre with the same epigenetic mark, we include
a truncated and shifted Lennard-Jones (LJ) potential that
acts between beads which are not immediate neighbours of



each other (i.e. not between bead a and a + 1):

o) =t | (2)" = (2)' - (i)
(1 —0p,a+1) (1 — Sp,a—1) (4)

if r < rde%® and 0 otherwise. When the beads have differ-
ent colours, or when one or more of the beads are unmod-
ified (i.e. ¢q # qa, Or qq O gy = 2), We set €4,4, = kT
and r%%® = 265 to model pure repulsion between the
beads. When both beads are modified and have the same
colour (¢o = q» and ¢q,qp # 2), we set €g,q, = €kpT
and 7% = 1. > 21/65 to model attraction caused by the
“reader”. The length r. sets the cut-off distance, or the
maximum distance that a modified bead will feel an at-
traction from another bead with the same colour. It corre-
sponds to the effective interaction distance of the “reader”
with the chromatin. We choose r. = 2.5¢0 for the attrac-
tive force between beads to be effective. The parameter €
governs the strength of the attraction between like-colour
beads. It is one of the parameters which we vary in the
simulation to explore the possible configurations of the fi-
bre.

To summarise, the total potential energy related to bead
a is the sum of all the pairwise and triplet potentials in-
volving the bead:

Us=Y_ (Uca+Ubone + Uil +U) . (5)
b#a

The time evolution of each bead along the fibre is gov-
erned by a Brownian dynamics scheme with the following
Langevin equation:

d?r, dr,,
- _VUa — Ya—3,
e gt

+ 2kBT’Ya77a (t), (6)

where m, and -, are the mass and the friction coefficient
of bead a, and n, is its stochastic noise vector obeying the
following statistical averages:

(1)) =0 (Ma,a()m,5(t")) = dardapd(t =), (7)

where the Latin indices represent particle indices and the
Greek indices represent Cartesian components. The last
term of Eq. 6 represents the random collisions caused by
the solvent particles. For simplicity, we assume all beads
have the same mass and friction coefficient (i.e. m, = m
and v, = 7). We also set m = v = kg =T = 1.
The Langevin equation is integrated using the standard
velocity-Verlet integration algorithm, which is performed
using the Large-scale Atomic/Molecular Massively Parallel
Simulator (LAMMPS) [3]. For the simulation to be effi-
cient yet numerically stable, we set the integration time
step to be At = 0.01 75,., where 7g, is the Brownian time
as mentioned previously.

Fig. S 1. Conversion rules for (A) recruited re-colouring or
(B) random (noisy) re-colouring according to the “Voter-” or
“infection-"like scheme [4]. The generic types of epigenetic
marks are 1="“red” (acetylated or polycomb rich), 2=“grey”
(unmarked) and 3=“blue” (heterochromatin rich).

Voter-Like Recolouring Scheme

We recolour the beads based on the 1D model pro-
posed in [4]. As discussed in the main text, we con-
sider two recolouring rates: (i) a faster recolouring rate
kr = 10s™! for steady-state measurements and (ii) a
slower rate kr = 0.1s~! for observing transient dynamics.
In each recolouring step, we conduct M (M is the number
of beads making up the polymer) attempts of colour con-
version such that each bead, on average, receives a single
conversion attempt. The procedure of a specific conversion
attempt is as follows:

1. A bead n; to be modified is first selected from the
fibre. It either undergoes a recruited conversion at-
tempt (Step 2), with probability «, or a noisy con-
version attempt (Step 3), with probability 1 — «.

2. Recruited conversion: Another bead ns is selected at
random from the beads that are within the cut-off
distance r, = 2.5¢0 from n;. The colour of ni is then
changed one step towards that of no. More precisely,
the rules are as follows (see Fig. S1A):

o If g, =1, gn, is changed 3 +20r2 —1
o If ¢, =3, gn, is changed 1 - 2 or 2 — 3
o If g, =2 or ¢n, = qn,, qn, remains the same
3. Noisy conversion: nj is changed one step towards
either one of the two other states with probability of
1/3, and no direct conversion between ¢ = 1 and 3

is allowed. Specifically, the rules are as follows (see
Fig. S1B):



e If g,, = 1or 3, it has a probability of 1/3 switch-
ing to 2 and a probability of 2/3 remaining the
same

o If ¢,, = 2, it has an equal probability of 1/3
switching to any of the states

This rule ensures that there is, on average, an equal
number of beads in each of the three states when the
probabilities of a recruited conversion and a noisy
one are the same (o =1 — a = 0.5).

The recolouring rules do not allow the direct conversion
between ¢ = 1 and 3. This is to model that any existing
modifications have to be de-modified before another mod-
ification can be applied, in line with the observations that
there are de-modifying enzymes (HDACs and HDMs) and
modifying enzymes (HATs and HMTs). The recruited con-
version represents the positive feedback mechanism sug-
gested in the main text, where a “reader” enzyme for a
particular epigenetic mark tends to attract a “writer” en-
zyme of the same mark. On the other hand, the noisy
conversion simulates the activity of free modifying and de-
modifying enzymes that change the modifications along
the fibre in a stochastic manner.

The key parameter which governs the epigenetic land-
scape in this recolouring scheme is the ratio of the prob-
ability of a recruited attempt to that of a noisy attempt,
f = a/(1—a), which is referred as the feedback parameter.
It is clear that a higher f would give a higher probability
for a recruited conversion to occur, resulting in a stronger
feedback and a more coherent landscape. This ratio is the
other parameter that is varied in the simulation to alter
the configuration of the chromatin fibre.

Initial Conditions and Equilibration

We simulate the chromatin fibre inside a periodic cube
with a linear dimension L. To avoid self-interactions
through the periodic boundaries, we set the box size to
be much larger than the volume occupied by the chro-
matin: L = 1000 for a chain of M < 500 beads; L = 1500
for 500 < M < 2000; and L = 2200 for the Drosophila
simulation.

As with any molecular dynamics simulations, the initial
conditions of the system are important to consider. We
initialise the chromatin fibre as an ideal random walk chain
with each bead having a random epigenetic colour (i.e. a
swollen, epigenetically disordered configuration). We run
the simulation for 10 75, to equilibrate the fibre, during
which the beads only interact via steric repulsion (along
with the usual potentials to maintain chain connectivity
and stiffness) and epigenetic interactions are switched off.
In particular, we employ a soft potential to remove any
cross-links and overlaps in the polymer for the first 10 75,
such that it becomes a self-avoiding chain. In formula, the

potential is given by

Usaobft(r) = {

with 7. = 21/65 is the cut-off distance and A is the maxi-
mum of the potential, which is set to 100kgT. This poten-
tial has the advantage that it remains bound as r,; goes
to zero and, therefore, does not generate numerical diver-
gence when pushing the monomers apart. We revert to the
WCA potential, as specified in Eq. 1 (but acting between
any beads), for the remaining time of the equilibration pe-
riod.

A{l—l—cos@} for r < r.

0 otherwise,

(8)

Mapping between Simulation and Physical Units

We provide here a possible mapping between the quan-
tities measured in the simulation and their physical coun-
terparts for comparing the simulation results with experi-
mental data. Energies measured in the simulation can be
mapped easily by multiplying by the relevant temperature
(e.g. T ~ 300 K) and the Boltzmann constant. Distances
can also be mapped in a similar manner by substituting a
physical value for the diameter of a bead o (e.g. 0 = 30
nm). Mapping simulation time to physical time requires
a more careful analysis. As mentioned above, simulation
time is expressed in units of the Brownian time 75,., which
is related to the diffusion constant D of a bead by the for-
mula 75, = 0?/D. The diffusion constant is also given by
the Einstein relation

p_ kT _ ksl
0 3mno

9)

where we have assumed that each bead diffuses like a
sphere and applied Stoke’s law, with 1 being the viscos-
ity of the fluid that the fibre is submerged in. Hence, we
obtain the following expression of the Brownian time in
terms of measurable quantities:

3mno3
TBr = .
Br = kpT

As discussed in [5], if we assume a nucleoplasm viscos-
ity n ~ 150 cP, then one Brownian time maps to ap-
proximately 10 ms. This mapping is the one that best
fits the mean-squared-displacement of chromosomal loci in
Yeast [5, 6]. Thus, a simulation of 10° 75, corresponds to
~ 160 min in real life.

(10)

First-Order-Like Transition between SD and CO
Phase

As mentioned in the main text, the model exhibits a
sharp, first-order-like transition between the swollen, epi-
genetically disordered (SD) and the compact, epigeneti-
cally ordered (CO) phase. This order of transition is signi-
fied by the presence of coexistence and hysteresis near the
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Fig. S 2. Top panel: Joint-probability distribution P(Rg4, m) for a modelled chromatin with M = 100 beads for three e values,
corresponding to the case in which the system is (A) in the SD phase, (B) at the transition point, and (C) in the CO phase. The
feedback is f = 2 in all three cases. Each probability distribution is produced from sampling the system’s configurations in 100
simulations. Bottom panel: Joint probability distribution at the transition point for two different system sizes: (D) M = 200 and
(E) M = 400. Contour lines are plotted to highlight the variation in the probability values. These diagrams show the emergence of
three peaks as the system size increases, indicating phase coexistence. Each distribution is produced from sampling 100 simulations,
except for the case M = 400 in which 200 samples were considered.

phase boundary. We identify these characteristics from
studying the phase of the polymer in the parameter space
(€, f) using two order parameters: (i) the radius of gyration
(Ry) for compactness of the fibre:

R = 23 () = e ), (1)

where 7,(t) is the position of bead a at time ¢ and (r) is
the mean position of the chain; (ii) a (signed) epigenetic
“magnetisation” for coherence of the epigenetic colour:

Mt) = 2 Nola =3, - Nla = 1,0],  (12)

where Ny (g, t) is the number of beads with colour ¢ at time
t. We also consider the absolute value of this quantity:

m(t) = - 1Nla=3,0) - Nyg =1,0],  (13)

which is useful for distinguishing the epigenetically disor-
dered phase (m ~ 0) and ordered phase (m ~ 1).

We study the transition between the SD and CO phase
by varying the interaction energy e between like-colour
beads while fixing the feedback at f = 2. Figure S2 re-
ports the joint probability distribution (P R4, m)) of the
system with a particular radius of gyration and (signed)
magnetisation. For a chain with M = 100 beads, we show
the distribution for the case when it is in the SD phase,
at the transition point, and in the CO phase (Fig. S2A-
C). The distribution at the transition point indicates that
the probability of finding the system in both SD and CO
phases are similarly probable, but so as any intermediate
states between the two phases. As we increase the length
of the polymer (i.e. M =200 and M = 400, Fig. S2D and
E), three peaks begin to emerge for the distribution at the
transition point (top peak for the SD phase and bottom
two peaks for the CO phase), providing further evidence
of phase coexistence.

Such coexistence is further confirmed when we demon-
strate that the system exhibits hysteresis near the transi-
tion point, which is another hallmark of a first-order tran-
sition. Fig. S3 presents the results of a set of simulations
conducted to test the presence of hysteresis. In these sim-
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Fig. S 3. Simulation results indicating the presence of coexistence and hysteresis near the phase boundary with f = 2. The top
panel shows snapshots of coexisting phases ((A) SD and (B) CO) observed at € = 0.6. The bottom panel shows the measured (C)
radius of gyration R, and (D) magnetisation m when e is varied slowly, first from 0.8 to 0.2 (red curve) and then in the opposite
direction (blue curve) (1.5 x 10° 75, in each direction). Both figures show a small region of hysteresis cycle between ¢ ~ 0.58 —0.62.
The curves in the figures represent averages over 10 simulations, and the shaded region indicates the standard error of the mean.

ulations, we initialise the chromatin fibre with M = 1000
beads to a CO configuration with e = 0.8. We slowly re-
duce € to 0.2 (in decrements of 0.001) such that the system
changes from a CO to a SD configuration. Once at € = 0.2,
the inverse process is performed. Under this procedure,
we observe that there is a small interval € ~ 0.58 — 0.62
in which the system can be in either phases depending on
its configurational history (Fig. S3C, D). For example, at
€ = 0.6, the chain is compact and ordered when reduc-
ing €, but it is swollen and disordered when increasing e
(Fig. S3A, B). These observations provide a strong evi-
dence that hysteresis and coexistence are present in this
transition.

Drosophila Simulation

In the Drosophila simulation, we employ a more realistic
epigenetic colour scheme. We reserve a separate colour for
the heterochromatin (HET), polycomb, unmarked regions,

actively transcribed regions, promoters, gene deserts, and
bookmarked (PSC) segments. The energies for the inter-
actions which are not purely repulsive are summarised in
Table I. The initial colouring of the polymer is detailed in
the main text.

Interaction Energy [kpT)]
polycomb - polycomb 0.60
HET - HET 0.72
PSC - PSC 0.90
polycomb - PSC 0.90
gene desert - gene desert 0.60
promoter - promoter 3.00
promoter - transcribed 0.60
transcribed - transcribed 0.60

Table S I. Energies for non-repulsive interactions in the
Drosophila simulation
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Fig. S 4. Snapshots (top) and kymograph (bottom) of a simu-
lation starting from a compact-disordered (CD) state in which
active (orange beads) and inactive bookmarks (cyan beads) are
introduced using the clustered method (with bookmarking den-
sity ¢ = 0.1). Same as the simulations presented in the main
text in Fig. 3, we employ a chromatin fibre of length M = 1000,
and we set f =2 and ¢/kpT = 0.65.

Simulation Results Starting From a
Compact-Disordered Configuration

All of the simulations presented above and in the
main text have been conducted starting from a swollen-
disordered (SD) configuration. It is, therefore, valid to ask
whether the results obtained depend on the specific initial
state of the polymer. Here we report a set of simulations
for some of the cases considered in the main text but
starting from a compact-disordered (CD) condition.
Fig. S4 shows the results where there are bookmarks for
both the active and inactive state using the clustered
method (see Fig. 3B for comparison). The results for
replication and excision of bookmarks are reported in
Fig. S5 (see Fig. 5 as well). The dynamics in all these
cases are qualitatively identical to those starting from a
SD state. Therefore, the steady state epigenetic landscape
depends only on the position of the bookmarks.
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Fig. S 5. Snapshots and kymographs of a set of simulations
starting from a compact-disordered (CD) state for cases in
which replication and bookmark excision are considered: (A)
no replication nor excision, (B) with replication but without ex-
cision, and (C) with replication and excision. These simulations
were conducted using the same parameters as those reported in
Fig. 5: we consider a chromatin fibre of length M = 2000 and
set eplue = 1kBT, €rea = 0.65kpT, and f = 2.

“POTTS” MODEL

In this section, we describe the alternative recolouring
scheme we adopt in the “Potts” model, and present some
results using this recolouring scheme. Below we also de-
scribe the molecular dynamics potentials we used in this
model. This recolouring strategy is the same used in



Ref. [5].

The fiber is modelled using a semi-flexible bead and
spring chain. Each bead is marked with a Potts-state
q = {1,2,3} which respectively stands for three possible
epigenetic states. The dynamics of this chain is then de-
scribed by a set of Langevin equations at the temperature
Tr,. At rate Tgl, we modify the colour of the beads using
Metropolis moves at the temperature T. After time 75 all
the beads have been typically attempted to be recoloured
once. This process is then repeated several times (typically
1000), until steady state is reached.

Mbolecular Dynamics Potentials

We can generally describe the dynamics of a chain com-
posed of M beads of mass m of size o, employing an Hamil-
tonian H in the form:

M 1 d?‘i 2
H= Z §m dt +U ({riticr o {9iticr )
i=1

(14)
where the first term is the kinetic one, while the second is
a general interaction term between beads. In our case, we
model the interactions as follows:

U =Uy(r)+ Uxp (r) + U (r,q) , (15)

where:

i) Uy is an harmonic interaction which ensures the con-
nectivity of the chain:
M-—-1
1 kn
— U R - . —
o Unrdio ) = X g (I

i=1

risal —710)? .

(16)

ii) Ukp is a Kratky-Porod term which models the stiff-
ness of the chain:

L G () =2 S (1)
keTL LM 90 l[will lwirall )
(17)
where wj = rj11 — r; and ${p is usually identified
with the persistence length of the chain.

iii) Ul°fis the total contribute to the energy of the bead-
bead interaction. Generally we write:

UL (rim1. M, Gim1.M) = ZULJ(HH -rillsqq),  (18)

j>i

with Upy being a truncated and shifted Lennard-
Jones potential in the following form:

BrULs (75 4:, q5) :%gl(giﬁ) {(%)12 B (%)6+

(19)
—UO(Tc(Qian))] O (r —re(giq5)) »

where © is the Heaviside step function and
Up is an auxiliary function which ensures that
Uny(re(¢iy45); i, gj) = 0. The cutoff r.(¢;, ¢;) mod-
els the interaction between the various possible epi-
genetic marks, we set:

(a) 7e(qi,q5) = 2% if ¢; # q; or ¢; = ¢; = 3, mod-
eling only steric interaction between beads with
different epigenetic marks or unmarked (¢ = 3);

(b) 7¢(1,1) = 7.(2,2) = 1.80, modeling the effective
attractive interaction between beads with the
same epigenetic marks mediated by the “read-
ers” enzymes.

Finally, the free parameter €(g;, ¢;) is:

e(2,4) _ [ e/kpTy if ¢; =q; = {1,2} (20)
kgTr, 1 otherwise

and N is a parameter which ensures that the mini-
mum of the attractive part is —e/kpgTy.

For our convenience, we define the parameters ay =
E/kBTL and aR = G/kBTR.

Detailed Balance

One of the main feature of the Potts model is that
it permits to study both the equilibrium and the non-
equilibrium dynamics of the system. The model is in
equilibrium when ar = o« whereas it break detailed
balance (and therefore it is a non-equilibrium model)
when apr # ar.

We now prove our previous statement using a Kol-
mogorov loop through some states of the system: Let us
consider four different possible states A,B,C,D:

A two beads are close and have the same (non-
unmarked) epigenetic mark;

B two beads are close and have different epigenetic
mark;

C two beads are far from each other and have different
epigenetic mark;

D two beads are far from each other and have the same
(non-unmarked) epigenetic mark.

We now estimate the probability of doing the cycle A —
B - C — D — A using Metropolis-like moves; if the
system is at an equilibrium regime, this probability will
be equal to the probability of the inverse cycle A —» D —
C—DB— A

The first move A — B is the only one of the cycle which
involves an energy loss in the system; since this move is
a recolouring one, we conclude that probability it occurs
is p(A — B) ~ e “R. As already mentioned, the other



moves do not involve energy loss, hence we conclude that
the probability of our cycle goes like:

p(A—-B—C—D— A)~e *F .

We can compute the probability of the inverse cycle in
the same way. The only move which involves energy loss
is the first one D — A which this times is connected with
the Langevin dynamics of the system. We can therefore
conclude that:

p(A—-D—-C—B—A)~e .

This shows that probabilities of the two cycles are equal if
and only if ag = ay,.

Simulation Details

Numerical simulations are performed using the software
LAMMPS[3]. We study the dynamics of chains composed
of M beads of mass m = 1 and size 0 = 1. The dynamics
is studied in a diluted regime: we place the chains inside a
cubic container of side L = 1000 with reflecting boundary
conditions at border (volume fraction for M = 1000 is
~ 0.4%). The spatial configuration of the chain evolves via
a Langevin dynamics with damping parameter v derived
by the Hamiltonian (14). We employed the parameters:

ky, = 200¢ rog = 21/64 Ip =30 v = ITL_Jl .

Numerical integrations of the Langevin equations are then
performed using the LAMMPS engine [3].

Recolouring dynamics takes place every 10° timesteps
(TR = 10® 75,). At each recolouring step we perform a
number Ngp = M (where M is the number of beads making
up the polymer) Metropolis moves at temperature Tg.

To quantify the configurations of the polymer, we em-
ploy two different order parameters: the gyration radius
R, and the mean magnetisation m, defined as:

M
1
Rf} = M Z [’I’,L' — TCM]2 . (21)
i=1

where rc)s is the centre of mass of the polymer and

1 M
m= 1 (g~ bg2) - (22)
=1

Phenomenology of the Potts model

The phenomenology of the model is quantified via nu-
merical simulations at different combinations of «j and
apr. In order to obtain enough statistics, we choose to
study chains with M = 100 beads. We find that polymer
can be found in four different phases (see phase diagram
in Fig. S6):

Fig. S 6. The phase diagram of the “Potts” model in the
space (ar,ar) for a chain with M = 100 beads. We can
observe four different phases: (1) swollen-disordered (SD);
(2) compact-disordered (CD); (3) swollen-ordered (SO); (4)
compact-ordered (CO). Each dot corresponds to a set of pa-
rameters examined via an numerical simulation; grey dots rep-
resent set of parameters where coexistence between CO and SD
is observed.

(1) at small a7 and apr values we find polymers in
a swollen-disordered (S.D.) configuration, charac-
terised by high gyration radius and null magnetisa-
tion;

(2) at high oz and small ag values we find polymers
in a compact-disordered (C.D.) configuration, char-
acterised by small gyration radius and null magneti-
sation;

(3) at small oy, and high ag values we find polymers in
a swollen-ordered (C.D.) configuration, characterised
by high gyration radius and highly ordered spin con-
figurations (|m| & 1);

(4) at high «y and agr values we find polymers in a
compact-ordered (C.O.) configuration, characterised
by small gyration radius and highly ordered spin con-
figurations (|m| = 1).

Near the equilibrium line and at ay, ~ ar ~ 1.05, we ob-
serve cohexistence between the C.O. and the S.D. phases,
suggesting a first order phase transition (see Fig. S7).
Note that the phase diagram and the transitions order are
all in great accordance to the one found in the “Voter-like”
model described in the main paper.

Genomic Bookmarking in the Potts model

As discussed in the main text, we can mimic the book-
marking by imposing a fixed colour to some beads in the
system. We thus consider a chain composed of M beads
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Fig. S 7. Joint probability distributions for a chain composed of M = 100 beads of the signed magnetization m and the gyration
radius Ry. Graphics are constructed using data obtained from 200 independent numerical simulations at the equilibrium regime
(e = ar = agr) and at various temperatures (o = {1.0,1.0625,1.1}). Note that at low temperatures (o = 1.1) we observe the
system organizes in C.O. configurations characterised by low Ry and high |m/|. At high temperatures (o = 1), instead, the system
is in a S.D configuration, characterised by high R, and null m. Finally, at intermediate temperatures (o = 1.0625), we observe the
coexistence between the C.O. and the S.D. configurations, suggesting the presence of a first order phase transition between these
two phases.

with fraction ¢ of bookmarks. We considered three differ-
ent bookmark configurations:

(i) Clustered configuration: bookmarks are placed along
the chain and are evenly separated, the color alter-
nates after every n. consecutive bookmarks;

(ii) Mized configuration: bookmarks are placed along
the chain and are evenly separated, the color alter-
nates after every bookmark;

(iii) Random configuration: bookmarks are placed along
the chain on random positions, their color is also cho-
sen randomly between the two non-unmarked states.

As a first step we focus on the equilibrium dynamics
(ar, = ag) of a chain with M = 1000 beads and fraction
¢ = 0.1 of bookmarks (total number of bookmarks @ =
oM = 100). At ar = ar = 0.98, we find that clustered
and random configurations can help the system develop
long-lived compact and coherent domains, while the mixed
configuration hinders the formation of ordered structures
(see Fig. S8). Note, however, while in the Voter-like model
with a random bookmark configuration we observe TAD-
like formation, here only compact and block-like coherent
domains are observed.

To obtain more similar result to the one showed in the
main paper, we must move to a non-equilibrium dynam-
ics. Indeed if we put the system in a region between the
swollen-ordered and the compact-coherent phases (see Fig.
S9), we observe that polymers in random bookmarking
configurations develop long-lived TAD-like formations.
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Fig. S 8. Potts model with bookmarks: equilibrium case (ar = ar = 0.98). Genomic bookmarks are modelled imposing
a permanent colour to certain beads of the polymer. Blue and red bookmarked beads are denoted using respectively cyan and
orange colours. Plots show (from left to right) kymographs, contact maps and typical snapshots obtained via numerical simulations
of polymers with M = 1000 beads and different bookmark configurations at ar, = ar = 0.98. (A) The clustered configuration
(ne = 10) drives the polymer into two well defined compact domains. (B) The mized configuration prevents the formation of

coherent 3-d structures and the chain remains in the swollen-disordered state. (C) The random configuration can contribute to
the formation of long-lived compact-coherent domains.
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Fig. S 9. Potts model with bookmarks: non-equilibrium case (ar, # ar) Genomic bookmarks are modelled imposing a permanent
colour to certain beads of the polymer. Blue and red bookmarked beads are denoted using respectively cyan and orange colours.
Plots show (from left to right) kymographs, contact maps and typical snapshots obtained via numerical simulations of polymers
with M = 1000 beads and different bookmark configurations at az, = 0.7 and ar = 3. (A) The clustered configuration (n. = 10)
drives the polymer into two well defined compact domains. (B) The mized configuration prevents the formation of coherent 3-d

structures and the chain remains in the swollen-disordered state. (C) The random configuration leads to the formation of TAD-like
structures.



Replication and excision

Similarly to what done in the main text for the infection-
type model. We perform simulated replication and ex-
cision also with the Potts model. As one can see from
Fig. S8 the central red bookmarked region (flanked by
two “non-sticky” black regions) is preserved through semi-
conservative replication, whereas the rest of the polymer is
flooded by blue marks which are thermodynamically pre-
ferred (here we set €pjye = 1.05€eq and €eq = 0.98kpT).
In the case of replication with excision of some bookmarks
(here half of the present bookmarks at each replication
are removed), the red region is lost after few cell cycles.
In these simulations we account for “insulating” elements
such as gene deserts, but the two black segments flank-
ing the central red bookmarked region are not required
to sustain epigenetic memory (as shown in the main text).
We also perform simulations in which the replication event
is done every 10%7g, ~ 160 min. This is reported in
Fig. S10C and shows that the system can easily sustain the
steady state until the next replication event. This means
that within our framework, setting longer times in between
replication events will not affect the results. Note that, in
the figure, the frequency at which the state of the system
is plotted makes it difficult to appreciate the extensive epi-
genetic perturbation at the replication time, which is the
same as the one performed in Figs S10A-B.

Drosophila simulations

We perform simulations of the Drosophila chromosome
3R with same parameters as in the Voter-like case (see
above). The results are in striking agreement between the
two sets of simulations, therefore strongly suggesting that
the two models lead to similar behaviours at steady state
(see Fig. S11).

Co-transcriptional Recolouring Dynamics

A model for co-transcriptional “recolouring” can be for-
mulated as follows. We model chromatin as a co-polymer
with promoters, heterochromatin, unmarked and tran-
scribed segments. Promoters are strongly sticky to each
other (¢ = 6kgT) while heterochromatin is weakly self-
sticky (e = 3kpT). During a simulation, when two or
more promoters are “looped”, we mimic a short transcrip-
tion event in which 10 beads (about 30 kbp) around the
looped promoters are re-coloured “green”, i.e. become
transcribed, and active marks (such as H3K36me3) are
deposited. Transcription events occur every 10 minutes
(typical transcription time for a gene); during this time
period heterochromatin can, in principle, turn the green
segments into blue, as it is thermodynamically preferred
(green segments are not self-sticky and interact only re-
pulsively). We model the recolouring process through the
“Potts” model, i.e. by weighting the recolouring with
Metropolis steps. We observe that without any more tun-
ing, blue beads always invade gene-rich regions within the
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Fig. S 10. (A) Shows the case of a central red bookmarked
region of a chromatin segment undergoing semi-conservative
replication (R). (B) The same simulation, where replication is
accompanied by excision (removal) of some of the bookmarks
(E). Specifically, we set ebiue = 1.05€rea and €rea = 0.98kpT.
The bookmarks start with density ¢ = 0.1 within the book-
marked region and interact with other red beads and other red
bookmarks with €req;, = 1.2€rea. The black regions on either
side of the red domain are “insulator” regions, made of beads
which have only repulsive interactions with all other beads and
cannot change their epigenetic state. These are not required to
sustain the red domain but help to define its boundaries. (C)
Here the replication time is set to 10%75,. One can see that the
steady state is preserved for the time in between two replication
events.

time in between two transcription events. As a mean to
slow down the invasion of heterochromatin, we bias the
presence of green segments in the system with a “chemical
potential” p which preserves the transcribed segments for
longer and enters in the energy difference of the Metro-
plis filter as AU + puAniranser- We observe that by vary-
ing pu we can achieve two different regimes, one in which
heterochromatin invades gene-rich regions in the time be-
tween two transcription events (small ) and one in which
heterochromatin is kept away from the gene-rich regions
(large u, shown in Fig. 12). The steady state of the sys-
tem is shown to display a 3D organisation resembling the
transcription factories model [7] coexisting with compart-
ments of heterochromatin “blobs” (see Fig. S14, where we
show a 20000 beads polymer). As transcription is turned
off, heterochromatin slowly invades the gene-rich regions
(Fig. S13). Within this model, promoters can be thought
of as bookmarks which are activated by looping. See also
Suppl. Movie 7 to appreciate the dynamics of the model.
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Fig. S11. (A) Comparison between in vivo (grey) and in silico
(purple) ChIP-seq profiles for the H3K27me3 profile in Chr3R
of Drosophila S2 cells. Here the recolouring scheme employed
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Fig. S 12. (A) In this model, looped promoters recruit poly-
merase which, in turn, recruit Setl/2 which deposit active
(H3K36me3, green) marks. At the same time, HP1 recruits
SUV39 which deposits H3K9me3 marks. Because thermody-
namically favoured, heterochromatin spreads over the polymer
unless promoters are looped and hence, polymerase keep regions
“green”. (B) Snapshots showing the looping and recolouring
steps for this model.
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Fig. S 13. Contact maps and kymograph for the co-
transcriptional recolouring model for a 2000 beads polymer
(6 Mbp). When transcription is turned “on” (first 100 min-
utes), gene-rich regions are kept open by the co-trascriptional
recolouring, on the other hand, when transcription is turned
“oft” (for instance by inhibiting the action of polymerase), het-
erochromatin takes over the whole chromatin. Here, we bias
the presence of green segments by weighting their recolouring
into blue using a chemical potential p = 4kp7T. Within this
model, promoters can be thought of as bookmarks which are
activated by looping and polymerase. See Suppl. Movie 7.

Fig. S 14. On a large scale (here a polymer with 20000 beads),
the co-transcriptional recoloring model drives the organisation
of the genome into large heterochromatin blobs, clustered pro-
moters and transcribed rosettes, in agreement with the tran-
scription factories [7] model. See also Suppl. Movie 7 to appre-
ciate the dynamics of the model.



[1] C. A. Brackley, S. Taylor, A. Papantonis, P. R. Cook, and
D. Marenduzzo, Proc. Natl. Acad. Sci. USA 110, E3605
(2013).

[2] J. Dekker, K. Rippe, M. Dekker, and N. Kleckner, Science
295, 1306 (2002).

[3] S. Plimpton, J. Comp. Phys. 117, 1 (1995).

14

[4] 1. B. Dodd, M. A. Micheelsen, K. Sneppen, and G. Thon,
Cell 129, 813 (2007).

[5] D. Michieletto, E. Orlandini, and D. Marenduzzo, Phys.
Rev. X 6, 041047 (2016).

[6] A. Rosa and R. Everaers, PLoS Comp. Biol. 4, 1 (2008).

[7] P. Cook, Principles of Nuclear Structure and Function (Wi-
ley, 2001).



